We investigate the effect of composite pions on the behaviour of the chiral condensate at finite temperature within the Polyakov-loop improved NJL model. To this end we treat quark-antiquark correlations in the pion channel (bound states and scattering continuum) within a Beth-Uhlenbeck approach that uses medium-dependent phase shifts. A striking medium effect is the Mott transition which occurs when the binding energy vanishes and the discrete pion bound state merges the continuum. This transition is triggered by the lowering of the continuum edge due to the chiral restoration transition. This in turn also entails a modification of the Polyakov-loop so that the SU(3) center symmetry gets broken at finite temperature and dynamical quarks (and gluons) appear in the system, taking over the role of the dominant degrees of freedom from the pions. At low temperatures our model reproduces the chiral perturbation theory result for the chiral condensate while at high temperatures the PNJL model result is recovered. The new aspect of the current work is a consistent treatment of the chiral restoration transition region within the Beth-Uhlenbeck approach on the basis of mesonic phase shifts for the treatment of the correlations.
I. INTRODUCTION
Effective field-theoretic models for low-energy QCD of the Nambu-Jona-Lasinio (NJL) type are widely used to describe the effect of dynamical breaking of the approximate chiral symmetry in the vacuum [1] [2] [3] [4] [5] and its restoration at finite temperatures and chemical potentials [6] [7] [8] . Thereby the chiral condensate and the dynamically generated quark mass gap are considered as synonymous order parameters accessible already on the quark mean-field level of description. However, it is a well-known problem that the temperature dependence of the melting of the chiral condensate is incorrect. Instead of the behaviour known from the treatment of pionic thermal excitations within chiral perturbation theory which obey Bose statistics, the melting of the chiral condensate with increasing temperature within the mean-field NJL model is due to the fermionic thermal quark excitations. For a discussion see, e.g., Buballa [8, 9] and references therein.
The alternative of a description of the chiral condensate within a hadron resonance gas model [10] provides an excellent interpretation of the results from lattice QCD simulations of this quantity which, however, necessarily breaks down at temperatures T ∼ 200 MeV where the hadron resonance gas model grossly overestimates the number of degrees of freedom and their excitation can no longer be considered as a perturbation. Moreover, the underlying assumption of a mixture of ideal gases of hadronic species (statistical model) becomes invalid when the phase space occupation becomes large at temperatures exceeding the pseudocritical temperature T = 154 ± 9 MeV found in lattice QCD simulations [11] .
Above this temperature, the effective description with NJL mean-field models, eventually improved by the coupling to a gluon background field with a mean-field pressure modeled by the minimum of the effective potential for the traced Polyakov-loop provides an acceptable interpretation of lattice QCD thermodynamics [12] .
The question arises whether these two asymptotic situations could be joined in a physically consistent way to a unified description of quark-gluon-hadron thermodynamics and in particular of the chiral condensate. To best of our knowledge such a description does not exist yet. In order to tackle this problem we would like to follow the scheme of a relativistic Beth-Uhlenbeck description of hadronic correlations (bound and scattering states) in quark matter which was advanced by Hüfner et al. [13, 14] and recently reformulated within a path integral approach [15] whereby also diquark correlations were taken into account [16] as a prerequisite to treat baryons within this approach. In order to mimic quark confinement, the coupling to the Polyakov-loop has been performed in [15, 17] and the generalization to three quark flavors was done in Refs. [18] [19] [20] .
The important characteristic feature of the generalized Beth-Uhlenbeck approach is that hadronic correlations are treated as bound and scattering states of quarks where the statistical spectral weight for the thermodynamics is given by the phase shift that follows directly from a polar representation of the complex hadronic propagator [16] as a solution of the corresponding polarization loop integral. Within the Matsubara formalism, these hadronic phase shifts become dependent on the temperature (and chemical potential) so that also the situation can be described that a bound state merges the continuum of unbound scattering states (Mott effect). With this approach, the compositeness aspect of hadrons, in particular also of mesons [21] like the pion as the most important low-energy excitation of the QCD vacuum can be treated in a consistent way, with phase shifts fulfilling the Levinson theorem [15] .
In the present work we will for the first time consider the chiral condensate within this approach and, for sake of clarity, will restrict ourselves just to the composite pion as representative of the hadronic degrees of freedom. Moreover, we suggest a very schematic model for the continuum phase shift in the form of a step-down function of the energy which represents an "anti-bound state" at the continuum threshold. With this simple model we shall be able to capture the essential features and at the same time allow a semianalytic treatment. In concluding this letter, we shall discuss further developments towards a more realistic description of the thermodynamics of a quark-gluon-hadron system that could be compared to lattice QCD.
II. CHIRAL QUARK CONDENSATE WITHIN AN EFFECTIVE CHIRAL QUARK COMPOSITE MESON (CQCM) MODEL
As a starting point, we use the decomposition of the thermodynamical potential into a quark-gluon sector which is treated in the meanfield approximation to the SU(2) PNJL model and a hadronic part which is described by a Mott-hadron resonance gas, here restricted to just the pion channel for simplicity
(
The quark-gluon thermodynamic potential at vanishing chemical potential µ = 0 is given as
where N Φ (E) = 1+3Φe −βE +3Φe −2βE +e −3βE and E(p) = p 2 + m 2 with m = m 0 +σ being the constituent quark mass, m 0 = 5.5 MeV the current quark mass and σ the dynamically generated quark mass gap. For the regularization of the divergent momentum integral over the vacuum energy term we introduce the cutoff Λ = 639 MeV. According to the standard parametrization scheme of the (P)NJL model (see, e.g., [22] ) for the coupling constant we take GΛ 2 = 2.13, for which the constituent quark mass in vacuum is m = 319
MeV. The vacuum pion properties (m π = 140 MeV, f π = 93 MeV) and a chiral condensate= −(244 MeV) 3 are reproduced. The effective potential was chosen with the polynomial form and parameters taken from [12] with T 0 = 0.185 GeV
The value of Φ in thermodynamic equilibrium is obtained from the stationarity condition for the thermodynamic potential
which corresponds to a gap equation for this order parameter for deconfinement. Since we deal with homogeneous systems only, we obtain the pressure as p(T ) = −Ω(T ).
The composite meson in our case is the pion and we describe its contribution to the thermodynamics within the Beth-Uhlenbeck approach [15, 16] 
where g(ω) = 1/[exp(βω) − 1] is the Bose distribution function and δ π (ω, q; T ) is the quarkantiquark phase shift in the pion channel. Instead of using the numerical solution for the Gaussian approximation to the (P)NJL model as given in [16] , we suggest in this work the schematic model for the continuum part of the spectrum in the form of an "anti-bound state" at the continuum threshold for ω = E thr (q). This model for the phase shift is defined by the ansatz
where E π (q) = q 2 + m 2 π and E thr (q) = q 2 + m 2 thr with m thr = 2m. In this ansatz, the Θ−function in the temperature direction makes sure that the density of states stays positive definit and vanishes for T > T Mott . The cutoff Λ π may be understood as a consequence of the fact that the nonperturbative interaction in the (P)NJL model gets switched off for momenta above the cutoff Λ of the quark sector momentum integral. Thus for high quark momenta chiral symmetry is no longer broken and consequently the Goldstone mode ceases to exist.
In a recent detailed study of the backreaction effect from the pion and sigma channel on the quark dynamics [23] one observes in Fig. 3 of that work that the pion bound state merges the continuum threshold at a momentum ∼ 600 MeV which in this case is of the order Λ.
With our ansatz of Eq. (7), there is no correlation in the continuum and therefore the phase shift gets switched off once the binding energy vanishes at the Mott temperature.
After partial integration in Eq. (6) over ω we obtain for the pion pressure
The density of states is defined through the derivative of the pion phase shift (7)
which includes the bound as well as the scattering part of the spectrum.
In this model the pion contribution to the thermodynamics is
We would like to note that the ansatz (7) temperature is reached, i.e. when the pion is still a true bound state. It is the closeness of the continuum with its negative contribution to the pressure which makes a qualitatively new effect as compared to the naive hadron resonance gas expectation.
The resulting total pressure for the quark-gluon-pion system is shown in Fig. 2 . We note that for temperatures below T ∼ 100 MeV the pressure is practically given by that of the pion gas while the PNJL model mean-field pressure that represents the quark-gluon plasma is strongly suppressed due to the coupling to the traced Polyakov loop Φ ∼ 0. At the deconfinement/chiral restoration transition, the PNJL pressure takes over while the pion gas pressure is strongly reduced due to the influence of the continuum (with negative pressure) and vanishes at the Mott temperature.
In the following we shall check what is the effect on the chiral condensate.To this end we recall the standard formula for the chiral quark condensate
which receives contributions from the PNJL model in mean-field approximation (see, e.g., Ref. [26] )
where f Φ (E(p)) is the Polyakov-loop generalized Fermi distribution function [27, 28] , and from the pion contribution
For the derivatives ∂m 2 π /∂m 0 and ∂m 2 π /∂σ in Eq. (11) and below in Eq. (16) we employ the Gell-Mann-Oakes-Renner (GMOR) relation [29] ,
which for our purpose can be further rewritten by means of the Goldberger-Treiman relation f π = m/g πqq and the relation= −(m − m 0 )/(2G) in the more suitable form (see, e.g., [9, 21, 30] )
with g πqq being the quark-pion coupling. Note further that ∂m/∂m 0 is the chiral susceptibility introduced in [14] . an antibound state at the two-quark threshold, mimicking the effect of a continuum and in a very crude manner obeying the in-medium Levinson theorem. The step-like behaviour at the Mott temperature is due to the simplistic ansatz for the continuum phase shift as a step-down function (antibound state) and will become smoothened out as soon as an improved ansatz is used instead, e.g., [31, 32] .
The results for the temperature dependence of the chiral condensate are shown in Fig. 3 .
One observes the striking effect of the inclusion of the pionic correlations beyond the PNJL mean-field result (dotted line) for the low-temperature behaviour of the chiral condensate which now exhibits the correct low-temperature limit. Approaching the Mott temperature from below, the influence of the quark-antiquark cintinuum becomes apparent and its size depends on the chosen value for the cutoff Λ π on the pion momentum integral. The steplike behaviour at the Mott temperature is well understood as an artefact of the simplistic ansatz for the continuum phase shift as a step function, leading to an abrupt switching off of the pionic correlations above the Mott temperature. An improvement of the model ansatz for the continuum phase shift as given, e.g., in Refs. [31, 32] will immediately remove this artefact and result in a smooth transition from the region of hadron dominance to quark-gluon dominance in the thermodynamics when passing the Mott temperature.
The value of the quark mass gap σ one obtains from the solution of the gap equation for σ which follows from the condition of stationarity of the thermodynamic potential
The numerical results for the solution of the gap equation for the quark mass is shown in Note that the crossing of the pion mass with the quark-antiquark continuum defines the Mott temperature.
The different role of the pion pole contribution to the chiral condensate and to the quark mass gap can be analytically estimated by the ratio σ/m 0 ∼ 60 from comparing the first term in (13) with the second in (16) . Note that this is only a qualitative argument neglecting a σ−dependence of the quark-pion coupling g πqq . The complete numerical evaluation, however, confirms the statement that the second term in Eq. (16) is negligible. The role of the temperature dependent quark-antiquark continuum to the quark thermodynamics was so far overlooked in the literature. Its inclusion is, however, a requirement resulting from the necessity to fulfil the in-medium Levinson theorem for the phase shifts. We observe that contribution of the continuum to the quark mass gap (given by the third term in (16)) dominates over that from the pion pole while for the chiral condensate the continuum contribution (second term in Eq. (13)) is subdominant.
For the disturbing step-like behaviour of the quark mass at the Mott temperature holds the same discussion as for the similar behaviour observed for the chiral condensate. It is an artefact of the simplistic treatment of the two-quark continuum which will immediately disappear once an improvement of the continuum phase shifts will be considered. 
III. CONCLUSIONS
We have investigated the effect of composite pions on the chiral condensate at finite temperatures within a Beth-Uhlenbeck approach that employs the PNJL model as an effective approach to deal with interacting quark and gluon degrees of freedom. For dealing with the quark-antiquark correlations in the pion channel (bound states and scattering continuum) we have introduced a simple model ansatz for medium-dependent phase shifts which embody as a striking medium effect the Mott transition for the pion bound state triggered by the lowering of the continuum edge due to the chiral restoration transition. This ansatz is in accordance with the Levinson theorem generalized to medium-dependent phase shifts.
At low temperatures our model reproduces the chiral perturbation theory result for the chiral condensate while at high temperatures the PNJL model result is recovered. While the pressure of the quark-gluon-meson system behaves continuous at the Mott transition, a discontinuous behaviour of the pressure derivatives, the chiral condensate and the quark mass gap results. This, however, is well understood as an artefact of the simplistic ansatz for the quark-antiquark scattering continuum and can be systematically improved.
It is easily possible to employ the ansatz (9) for the density of states also for all other hadronic resonances, with appropriate threshold masses for the given hadronic channel.
With such a generalization of the present approach it will be possible to discuss the effect of hadronic excitations on the pseudocritical temperature of the chiral transition which in PNJL models at the mean field level comes out too large, in contradiction with lattice QCD results. The generalization of the present approach will provide a considerable improvement in understanding the composition and thermodynamics of the quark-gluon-hadron plasma within a unified approach.
